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Fundamental fields are a natural outcome in cosmology and particle physics and might therefore
serve as a proxy for more complex interactions. The equivalence principle implies that all forms of
matter gravitate, and one therefore expects relevant, universal imprints of new physics in strong field
gravity, such as that encountered close to black holes. Fundamental fields in the vicinities of super-
massive black holes give rise to extremely long-lived, or even unstable, configurations which slowly
extract angular momentum from the black hole or simply evolve non-linearly over long timescales,
with important implications for particle physics and gravitational-wave physics.
Here, we perform a fully non-linear study of scalar-field condensates around rotating black holes.
We provide novel ways to specify initial data for the Einstein-Klein-Gordon system, with potential
applications in a variety of scenarios. Our numerical results confirm the existence of long-lived bar-
modes which act as lighthouses for gravitational wave emission: the scalar field condenses outside
the black hole geometry and acts as a constant frequency gravitational-wave source for very long
timescales. This effect could turn out to be a potential signature of beyond standard model physics
and also a promising source of gravitational waves for future gravitational wave detectors.
PACS numbers: 98.80.Es,04.30.-w,11.25.Wx,14.80.Va,04.70.-s
I. INTRODUCTION
Black holes (BHs) are among the most fascinating
and numerous inhabitants of our universe, a remark-
able consequence of General Relativity (GR) or exten-
sions thereof. Stellar mass BHs of a few solar masses
(3M .MBH . 30M) are expected to be the end-state
of massive stars; compelling evidence for their existence is
provided by observations of ultra-compact binaries made
up of pulsars and BHs as well as observations of BHs
accreting matter from surrounding disks [1–8]. On the
other end of the mass spectrum we expect supermas-
sive BHs (SMBHs) with 106M . MBH . 109M to
be hosted at the centre of most galaxies and, in fact,
observations of trajectories of stars close to the centre
of the Milky Way hint at “our very own” SMBH with
mass MBH ∼ 4.2 · 106M [9–17]. Many of the aforemen-
tioned observations ranging from the radio to the X-ray
frequency band allow for accurate estimates of the mass
and spin of these BHs, thus making precision BH physics
possible; this in turn may allow a mapping of compact
objects across the visible universe with second genera-
tion ground-based gravitational wave (GW) observatories
such as the advanced LIGO / VIRGO network [18–23],
the KAGRA detector [24, 25] currently under construc-
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tion or future space-based LISA-like missions [7, 26].
Fundamental fields – either constituents of dark mat-
ter or other types of stable fundamental fields – may play
a crucial role in the context of GW emission and detec-
tion. They may influence how a SMBH is bound to its
host galaxy or affect the very properties of both stellar-
mass or supermassive BH systems and, consequently,
their GW emission [27–29]. One example of such dras-
tic effects concerns the existence of very long lived mas-
sive states of fundamental fields around BHs and their
possible growth via superradiance [30–32]. We remind
the reader that (rotational-induced) superradiance of a
wavepacket of (real) frequency ωR requires the condition
0 <ωR < mΩH = ωC , (1)
where m is an azimuthal number and ΩH is the BH’s
angular frequency. This mechanism to amplify waves
scattering off Kerr BHs allows for exciting phenomena:
one example is the Gedankenexperiment suggested in
Refs. [30, 31, 33], and consists of enclosing the system by
a perfectly reflecting mirror. The bouncing on the mirror
and amplification in the ergoregion will result in an expo-
nential growth of the field and an increasing “radiation”
pressure will eventually render the system unstable. This
so-called “black-hole bomb” mechanism [33] or “superra-
diant instability” has attracted some attention over the
years [30, 31, 33–38].
Astrophysical “BH bombs” may exist in the presence
of ultralight degrees of freedom, thought to arise in a va-
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2riety of scenarios [29, 39, 40] 1. Massive fields in general
can create a “trapping well” some distance away from
the BH, with a tail that extends into the ergoregion,
effectively working as a confining box at low frequen-
cies [45–47]. An exploration of the behavior of massive
fields in the vicinities of BHs has uncovered remarkable
results, ranging from floating orbits to the possibility of
constraining fundamental fields from the observation of
SMBHs [48, 49]. This has led to a vast number of in-
vestigations of massive fields around rotating BHs in the
frequency- [48–54] and in the time-domain [38, 55–58].
These incursions are also motivated by extensions of
General Relativity such as scalar-tensor theories [59–
62] but also by the “axiverse” scenario proposed in
Refs. [29, 40, 63]. Inspired by the QCD axion [39] Arvan-
itaki et al [29, 40] suggested the existence of a plethora
of ultra-light bosonic degrees of freedom which could
play an important role in BH astrophysics if their masses
range from 10−21eV . µS . 10−8eV. Conversely, the ob-
servation of BHs in a certain mass–spin parameter range
can put stringent constraints on the existence of these
particles as suggested in Refs. [29, 64]. In other words,
one can use SMBHs to explore beyond-standard model
physics.
Within the past year, these studies inspired a “gold-
rush” of investigations going beyond the simplest model
considering scalar fields in GR [49, 57, 58, 64–75] (see
also, e.g., Refs. [76, 77] for recent reviews). Recently, it
was shown that the superradiant instability can, at least
for complex scalars, drive the system to a new, truly
stationary solution describing a hairy BH [78].
Despite this immense progress in exploring the super-
radiant mechanism in various configurations most dy-
namical studies so far have been restricted to the lin-
earized regime, i.e. fixing the BH spacetime as a back-
ground over which matter fields evolve (but see Ref. [32]
for recent fully non-linear investigations). While this as-
sumption is valid as long as the amplified field is small,
it is inevitable to break down eventually. Then, back-
reaction onto the spacetime will become important. De-
pending on the frequency composition of the field this
might yield spin-down and mass-loss of the central BH
in the superradiant regime or accretion, i.e., increase of
the BH spin and mass in the “normal” regime.
Thus, the question about the end-state of the in-
stability remains; both scenarios, that of a true non-
linear instability as well as a quasi-equilibrium config-
uration, might be possible. In fact, this is exactly
the regime with potentially exciting new physical sig-
natures: The formation of a bosonic cloud around BHs
1 A very natural “BH bomb” also arises in asymptotically anti-de
Sitter (AdS) spacetimes, for which the timelike boundary takes
on the role of the reflecting cavity. Indeed, it has been shown
that small Kerr-AdS BHs do suffer from the superradiant insta-
bility [34, 41–44]. Although they are not relevant for astrophysi-
cal scenarios, BHs in AdS play an important role in high energy
physics, in particular in the context of the gauge/gravity duality.
might produce a “gravitational atom”, where the name
is adopted due to the hydrogen-like spectrum of the
field [49, 51], possibly observable through scalar and
(modified) GW emission. Depending on the efficiency
with which the bosonic cloud can be accreted, we might
even observe GW pulsars or “light-houses” or find gaps
in the Regge plane, i.e., the mass-spin phase-space of
BHs [29, 40, 48, 63, 64, 76, 77, 79, 80]. The evolution
may also drive the system to a new stationary state such
as the hairy BH solutions recently uncovered [78], al-
though these solutions are also likely to be unstable, at
least in part of the solution parameter space [81]. The
understanding of all these possibilities require nonlinear
evolutions of the equations of motion.
In the present study we explore the effects of the back-
reaction and nonlinearities of the field equations by per-
forming full-blown numerical simulations of GR coupled
to a minimally coupled massive scalar field.
As guideline for our investigations let us briefly review
the key results of linearized studies concerning massive
scalar fields surrounding Kerr BHs [38, 48–53, 57, 58].
First of all, because of the presence of the potential well
due to the mass term, two types of modes are possible –
quasi-normal modes (QNMs) which decay at infinity and
quasi-bound state modes (BSMs) which are localized in
the dip of the potential around the BH. The latter class
can yield exponentially growing modes if the BH is spin-
ning. Because these are dynamical, non-stationary space-
times, the no-hair theorem is not violated. The strongest
instability growth rate of ωI ≡ 1τ ∼ 1.5 · 10−7
(
GM
c3
)−1
was found for the l = m = 1 mode of a massive scalar
with mass coupling MBHµ = 0.42 evolving around a ro-
tating BH with spin a/MBH = 0.99 [50, 51]. Here τ
is the typical instability timescale. Recent simulations in
the time domain [38, 57, 58] revealed beating phenomena
for generic Gaussian wave packets due to the presence of
various overtone modes and space dependent excitation
of modes; very much like the excitation and modulation
of tones as a guitar string is excited. The latter effect has
been further investigated in Ref. [82]. Guided by these re-
sults, we will numerically evolve complex, massive scalar
fields initialized both as generic Gaussian pulse as well
as pseudo-bound states with a mass coupling close to the
one expected for strong instability growth rates around
Kerr BHs. Following the approach in Liu et al [83] we
have been able to accurately set up puncture initial data
representing Kerr BHs with an initial spin up to 95% of
the Kerr bound.
This paper is organized as follows: In Sec. II we will
describe the setup of our model and its formulation as
Cauchy problem. We complement the setup by con-
structing constraint-preserving initial data in Sec. III.
In particular, we develop analytic and numerical solu-
tions for a number of different configurations involv-
ing Schwarzschild or Kerr BHs surrounded by “scalar
clouds”. In Secs. IV-V we present the results of our non-
linear time evolutions starting, respectively, with non-
rotating or highly rotating BHs. We finalize the paper
3with some conclusions and prospects for future work in
Sec. VI. Further checks of our numerical simulations in-
cluding error estimates and benchmark tests can be found
in Apendices. A and B. Finally, illustrative snapshots of
the evolution are shown in Apendix C. Unless stated oth-
erwise we work in natural units, i.e., G = 1 = c.
II. SETUP
We wish to explore the non-linear dynamics of scalar
clouds in the environment of rotating BHs. This sys-
tem is modelled by the Einstein–Hilbert action (in 4-
dimensional asymptotically flat spacetimes) minimally
coupled to a complex, massive scalar field Φ with mass
parameter µS = mS/~ and described by the action [84,
85]
S =
∫
d4x
√−g
(
(4)R
16pi
+ LΦ
)
, with (2a)
LΦ =− 12gµν∂µΦ∗∂νΦ− 12µ2SΦ∗Φ− V (Φ) , (2b)
where (4)R is the 4-dimensional Ricci scalar and V (Φ) is
the scalar field potential. The variation of the action (2)
with respect to the metric and scalar field yields, respec-
tively, the tensor and scalar equations of motion (EoMs)
(4)Rµν − 12gµν (4)R− 8piTµν =0 , (3a)(∇µ∇µ − µ2S)Φ− V ′(Φ) =0 , (3b)
where the energy-momentum tensor of the scalar field is
determined by
Tµν =− 12gµν
(
∂λΦ
∗∂λΦ + µ2SΦ
∗Φ
)− gµνV (Φ)
+ 12 (∂µΦ
∗∂νΦ + ∂µΦ∂νΦ∗) . (4)
Time evolution formulation: Because we intend to
explore the non-linear GR-scalar field system in the
highly dynamical, strong curvature regime we need to
solve the EoMs (3) numerically. Therefore, we employ
standard Numerical Relativity (NR) techniques [86–92]
based on the 3 + 1 decomposition. Within this approach
the 4-dimensional spacetime manifold (M, gµν) is foli-
ated into 3-dimensional spatial hypersurfaces (Σt, γij)
which are parametrized by the time coordinate t. The
spatial metric γij is related to the spacetime metric
gµνvia γµν = gµν+nµnν and n
µ is the unit vector normal
to the hypersurfaces. The spacetime line element writes
ds2 =gµνdx
µdxν (5)
=− (α2 − βiβi)dt2 + 2γijβidtdxj + γijdxidxj ,
where the lapse function α and shift vector βi encode
the coordinate degrees of freedom. We proceed by cast-
ing Eqs. (3) into a Cauchy problem such that they are
“digestible” by computers. In a nutshell, we rewrite them
as a time evolution problem with constraints along the
lines of the ADM-York decomposition [88, 93]. To this
end, we introduce the conjugated momenta to the scalar
field, Π, and to the metric, Kij . The extrinsic curvature
Kij describes how the spatial hypersurfaces are embed-
ded into the full spacetime. These quantities are defined
by,
Kij = − 12α (∂t − Lβ) γij , Π = − 1α (∂t − Lβ) Φ . (6)
Here, Lβ denotes the Lie derivative along the shift vector
βi. The definitions (6) immediately provide a prescrip-
tion for the time evolution of the 3-metric and scalar field
(∂t − Lβ) γij = −2αKij , (∂t − Lβ) Φ = −αΠ , (7)
capturing the kinematical degrees of freedom. Perform-
ing the 3 + 1 decomposition of Eqs. (3) yields the Hamil-
tonian and momentum constraints
H =R+K2 −KijKij − 16piρ = 0 , (8a)
Mi =DjKji −DiK − 8piji = 0 , (8b)
as well as time evolution equations for the extrinsic cur-
vature and scalar field momentum
(∂t − Lβ)Kij =−DiDjα+ α
(
Rij − 2KkiKjk +KKij
)
+ 4piα (γij(S − ρ)− 2Sij) , (9a)
(∂t − Lβ) Π =α
(
−DiDiΦ +KΠ + µ2SΦ + V
′
(Φ)
)
−DiαDiΦ , (9b)
where Rij and R refer to the 3-dimensional Ricci tensor
and scalar associated with the spatial metric γij . The
energy density ρ, energy-momentum flux ji and spatial
components Sij of the energy momentum tensor (4) are
given by
ρ = 12Π
∗Π + 12µ
2
SΦ
∗Φ + 12D
iΦ∗DiΦ + V (Φ) , (10a)
ji =
1
2 (Π
∗DiΦ + ΠDiΦ∗) , (10b)
Sij =
1
2 (DiΦ
∗DjΦ +DiΦDjΦ∗)− γijV (Φ)
+ 12γij
(
Π∗Π− µ2SΦ∗Φ−DkΦ∗DkΦ
)
. (10c)
We now have all necessary ingredients at hand to sim-
ulate scalar fields in GR. Unfortunately, the evolution
equations (7) and (9) are known to pose only a weakly
hyperbolic set of PDEs [86, 94, 95] and are, thus, prone
to numerical instabilities.
BSSN formulation: In order to circumvent the ill-
posedness of Eqs. (7) and (9) and to obtain a sta-
ble numerical formulation we need to modify the evo-
lution PDEs. Specifically, we employ the strongly hy-
perbolic, well-posed scheme introduced by Baumgarte &
Shapiro [96] and Shibata & Nakamura [97] (BSSN). The
key idea is to add the constraints (8) to the ADM-York
like Eqs. (7) and (9) in a specific manner, thus chang-
ing the character of the PDEs. Additionally, it has been
4found convenient to introduce a set of conformal vari-
ables as dynamical quantities. The BSSN variables are
given by
χ = γ−
1
3 , γ˜ij = γ
− 13 γij = χγij , (11a)
K = γijKij , A˜ij = χAij = χ
(
Kij − 13γijK
)
, (11b)
Γ˜i = γ˜jkΓ˜ijk =− ∂j γ˜ij , (11c)
where χ and γ˜ij are the conformal factor and metric, K
and A˜ij are the trace and conformal tracefree part of the
extrinsic curvature and Γ˜i is the conformal connection
function. We denote γ = det γij , while γ˜ = det γ˜ij = 1
holds by construction. We will not discuss the derivation
of the BSSN equations and instead only present the final
expressions for a vanishing scalar field potential V (Φ) = 0
∂tχ = [BSSN] , (12a)
∂tγ˜ij = [BSSN] , (12b)
∂tK = [BSSN] + 8piα
(
Π∗Π− µ2S2 Φ∗Φ
)
, (12c)
∂tA˜ij = [BSSN]− 4piαχ
(
D˜iΦ
∗D˜jΦ + D˜iΦD˜jΦ∗
− 23 γ˜ijD˜kΦ∗D˜kΦ
)
, (12d)
∂tΓ˜
i = [BSSN]− 8piαγ˜ij
(
Π∗D˜jΦ + ΠD˜jΦ∗
)
, (12e)
∂tΦ =− αΠ + LβΦ , (12f)
∂tΠ =α
(
−χD˜iD˜iΦ + 12D˜iΦD˜iχ+KΠ + µ2SΦ
)
− χD˜iαD˜iΦ + LβΠ , (12g)
where “[BSSN]” denotes the vacuum BSSN equations
given, e.g., in Refs. [86, 87, 89–92, 98] and D˜i is the
covariant derivative with respect to the conformal metric
γ˜ij .
In order to close the PDE system (12) we additionally
have to specify the coordinates. In particular, we choose
the moving puncture gauge [86, 87, 99–101], i.e., the 1 +
log-slicing for the lapse function α and the Γ-driver shift
condition for βi
∂tα =β
k∂kα− 2αK , (13a)
∂tβ
i =βk∂kβ
i − ηββi + ζΓΓ˜i . (13b)
This system of equations was supplemented with Som-
merfeld boundary conditions far away. To ensure that the
boundary conditions are not contaminating our results,
the outer boundary of the numerical domain is placed
sufficiently far away as to be causally disconnected from
the region under study, and each of the simulations we
discuss was stopped before spurious reflections from the
outer boundary can contaminate the results. We have
verified a posteriori that the grid size is also larger than
any characteristic wavelength showing up in our results.
Our results are convergent and stable when the grid size
is varied.
Extraction of physical information: Finally, we give
a brief summary of the tools that we will employ to an-
alyze our numerical data. These include in particular (i)
the extraction of scalar and GWs, (ii) the computation
of the energy radiated in these signals, and (iii) the esti-
mation of the BH mass and spin using information about
the apparent horizon (AH). An extended discussion of ei-
ther method can be found, e.g., in Refs. [37, 86, 87] and
references therein.
As a measure for the scalar and gravitational radiation
we extract the scalar field Φ and the Newman-Penrose
scalar Ψ4, which encodes the outgoing gravitational ra-
diation [102, 103], at coordinate spheres of fixed radius
rex. Because we are interested in the multipolar struc-
ture of the radiated signals we project Φ(t, r = rex, θ, ϕ)
and Ψ4(t, r = rex, θ, ϕ) with, respectively, spherical and
s = −2 spin-weighted spherical harmonics
Φlm(t, rex) =
∫
dΩ Φ(t, rex, θ, ϕ)Y
∗
lm(θ, ϕ) , (14)
Ψ4,lm(t, rex) =
∫
dΩ Ψ4(t, rex, θ, ϕ)−2Y ∗lm(θ, ϕ) .
We estimate the radiated energy and angular momentum
content in the GWs Ψ4 by (see Eqs. (22)-(24) in Ref. [37]
and references therein)
dE
dt
= lim
r→∞
r2
16pi
∫
dΩ
∣∣∣∣∫ t−∞Ψ4dt˜
∣∣∣∣2 , (15a)
dPi
dt
=− lim
r→∞
r2
16pi
∫
dΩ `i
∣∣∣∣∫ t−∞Ψ4dt˜
∣∣∣∣2 , (15b)
dJz
dt
=− lim
r→∞
r2
16pi
×<
[∫
dΩ
(∫ t
−∞
Ψ4dt˜
)
∂ϕ
(∫ t
−∞
∫ tˆ
−∞
Ψ∗4dtˆdt˜
)]
, (15c)
with ` = (− sin θ cosϕ,− sin θ sinϕ,− cos θ). In order to
access the properties and evolution of the BH itself we
characterize its AH (by using for example the AHFind-
erDirect [104, 105]), in terms of its area AAH, equa-
torial circumference Ce, and irreducible mass Mirr =√
AAH/(16pi), among other data. We use this informa-
tion to compute the BH dimensionless spin
jAH ≡ JM2BH =
√
1−
(
2piAAH
C2e
− 1
)2
, (16)
and mass according to Christodoulou’s formula [106]
M2BH =M
2
irr +
J2
4M2irr
. (17)
Code description: We simulate the GR – Klein–
Gordon system using the Cosmos and Lean–SR codes.
Both codes have been designed to solve Einstein’s equa-
tions as an initial value problem. Computationally this
5results in solving (i) a set of coupled elliptic partial dif-
ferential equations (PDEs) to provide initial data for BH
spacetimes and (ii) a set of coupled hyperbolic-type PDEs
for the time evolution. The evolution PDEs are solved
using the method of lines employing a 4th order Runge-
Kutta time integrator. Spatial components are computed
on 3-dimensional, nested Cartesian meshes and (spatial)
derivatives are realized by centered or lop-sided finite dif-
ference (FD) stencils. While the codes provide FD sten-
cils up to sixth order, in practice we employ centered
fourth order FD stencils for regular derivatives (in the
interior of the numerical domain) and fourth order lop-
sided FD stencils to realize advection derivatives.
The Lean–SR code is based on the Cactus com-
putational toolkit [107, 108], part of the Einstein
Toolkit [109, 110], and Sperhake’s Lean code [111].
Initial configurations are set up either by using ana-
lytic data or by solving the constraints using the spectral
TwoPunctures solver [112]. In order to compute the
AH we employ the AHFinderDirect [104, 105]. The
code furthermore incorporates adaptive mesh refinement
(AMR) provided by the Carpet package [113, 114] and
uses boxes moving across the numerical domain tracking
the motion of the BHs. Parallelization is implemented
with MPI.
The algorithm of the COSMOS code is based on the
SACRA code written by T. Yamamoto et al. [115] and
developed to solve binary problems. Initial data is given
either analytically or constructed by solving the con-
straints numerically using the Multi-Grid solver [116]. In
order to compute the AH we implement the AH finder
based on Refs. [117, 118]. The code employs fixed mesh
refinement (FMR) and the BH is located at the center
of the computational domain. Parallelization is imple-
mented with OpenMP.
We set up our numerical domain using (fixed or adap-
tive) mesh refinement. Then, the numerical grid contains
NRL refinement levels centered around the BH. We de-
note the egde length of the n − th refinement level as
2xn. Its resolution is given by hn = 2
n−1h1, where h1 is
the resolution of the innermost refinement level. During
the presentation of the results we adopt the notation of
Sec. II E in Ref. [111] and we summarize the grid setup
as
{(xNRL , xNRL−1, . . . , x1), h = h1} . (18)
In all tables summarizing the numerical setup we use
units in which the BH bare mass M = 1 (see Section III,
in particular Eqs. (21) and (45)).
III. INITIAL DATA CONSTRUCTION FOR
BLACK HOLES IMMERSED IN SCALAR FIELDS
The approach to the time evolution problem out-
lined in the previous section has to be completed by
setting up initial states for the dynamical quantities
(γij ,ΦR,I ,Kij ,ΠR,I). Any initial data (describing GR
systems) have to be a solution of Einstein’s equations (3)
and, therefore, have to satisfy the constraints (8). In gen-
eral, the construction of these solutions implies solving a
set of four coupled, elliptic PDEs which is difficult but
nowadays well understood for vacuum spacetimes (see,
e.g., Refs. [86, 116, 119] and references therein). How-
ever, more brainwork is needed to provide appropriate
initial data for the more complicated case that we are
interested in and in which BH spacetimes are coupled to
scalar fields.
In fact, some, if not all studies dealing with such a
system have taken a crude approach and simply super-
posed a scalar field onto a BH spacetime [120, 121], thus
setting up constraint violating initial data. However, the
consequences of these procedures are not clear and, in-
deed, might contaminate the entire evolution of a system.
Bear in mind, that the constraint violation caused by
the presence of the scalar field typically lies outside the
BH, i.e., it is not hidden behind a horizon. Furthermore,
the employed BSSN evolution scheme does not have any
constraint damping mechanism and, thus, their violation
will remain present throughout the entire time evolution.
The consequences of this argument will be clarified below,
when we compare the evolution of constraint-violating
and constraint-satisfying initial data, summarized also
in Fig. 1.
For this reason it is mandatory to construct appropri-
ate, constraint satisfying initial data. We have found
novel, generic analytic or numerical solutions to this
problem which may be very useful to study extensions
of GR to include self-interacting fields. Our construction
can also prove useful in completely different contexts such
as the collapse of self-interacting fundamental fields in
scalar-tensor theories or dynamical spacetimes in other
modified theories of gravity involving couplings to dila-
ton or axionic fields. Solving the constraints (a set of four
coupled, elliptic PDEs) is in general a demanding task.
In order to simplify the problem it is useful to perform a
conformal transformation of the ADM variables [119]
γij =ψ
4γ˜ij , γ˜ = detγ˜ij = 1 , (19a)
Kij =Aij +
1
3γijK , Aij = ψ
−2A˜ij . (19b)
Then, the constraints (8) become
H =4˜ψ − 18 R˜ψ − 112K2ψ5 + 18 A˜ijA˜ijψ−7
+ piψ
[
D˜iΦ∗D˜iΦ + ψ4
(
Π∗Π + µ2SΦ
∗Φ
)]
, (20a)
Mi =D˜jA˜ji − 23ψ6D˜iK − 4piψ6
(
Π∗D˜iΦ + ΠD˜iΦ∗
)
,
(20b)
in terms of the conformal variables, where 4˜ =
γ˜ijD˜iD˜j and D˜ and R˜ denote the conformal covari-
ant derivative and Ricci scalar. Note, that the con-
straints (20) fix four of the 16 independent variables
(ψ, γ˜ij , A˜ij ,K,ΦR,I ,ΠR,I) at t = 0. This leaves the free-
dom to specify the remaining quantities motivated by
the physical scenario under consideration and allowing
for further simplifications of the PDE problem.
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FIG. 1. Evolution of constraint satisfying (left panel, for further details on the construction see Table I and section III A) and
constraint violating (mid) initial data, corresponding to run S00 m0 e and S00 CV in Table I. In both cases the spherically
symmetric scalar shells are located at r0 = 12M with a width of w = 2M and amplitude MA = 0.075. Figs. (a) and (b) show
the Hamiltonian constraint along the x-axis at different times throughout the evolution. Constraints become violated with
larger magnitude at late times for constraint-violating initial data, specially close to the horizon. At late-times this impacts on
physical quantities such as the AH area, shown in Fig. (c), where AAH,t denotes the AH area at time t. The violation of the
constraints causes the AH area to decrease (red dotted line) violating the area theorem while this unphysical feature does not
occur with constraint satisfying initial data (blue solid line). The inset normalizes the area variation to zero at t = 50, in order
to better gauge the changes induced by both types of initial data.
A. Non-rotating black holes: analytic initial data
We start by considering a single, non-rotating BH
surrounded by a scalar field. The line element of the
Schwarzschild BH in isotropic coordinates is given by
ds2 =−
(
1− M2r
1 + M2r
)2
dt2 +
(
1 +
M
2r
)4
ηijdx
idxj
=− α2dt2 + ψ4Sηijdxidxj , (21)
where M is the BH bare mass parameter and r is the
isotropic, radial coordinate. We impose conformal flat-
ness, i.e., γ˜ij = ηij and set A˜ij = 0, because the BH
has neither linear nor angular momentum. Then, the
constraints (20) become
0 = 4flat ψ − 112K2ψ5 + piψηij (∂iΦR∂jΦR + ∂iΦI∂jΦI)
+ piψ5
[(
Π2R + Π
2
I
)
+ µ2S
(
Φ2R + Φ
2
I
)]
, (22a)
0 = ∂iK + 6pi (ΠR∂iΦR + ΠI∂iΦI) , (22b)
where 4flat is the flat space Laplacian. Note, that we
cannot specify K = 0 and ψ = ψS simultaneously be-
cause then the Hamiltonian constraint (8a) would not be
satisfied for an arbitrary non-zero scalar field surround-
ing a Schwarzschild BH. Here, we adopt the maximal
slicing condition K = 0 and solve for deformations of
the conformal factor from the Schwarzschild case. With
these specifications the momentum constraint (22b) im-
plies that at t = 0 either Π should vanish or Φ should be
a constant. We consider the latter case and, specifically,
choose Φ = 0. Then, the momentum constraint (22b) is
satisfied trivially and the Hamiltonian constraint (22a)
in spherical coordinates becomes
4flatψ =
[
1
r2
∂
∂r r
2 ∂
∂r +
1
r2 sin θ
∂
∂θ sin θ
∂
∂θ +
1
r2 sin2 θ
∂2
∂Φ2
]
ψ
=− piψ5 (Π2R + Π2I) . (23)
The ansatz
Π =
ψ−5/2√
rpi
F (r)Z(θ, φ) , (24a)
ψ =ψS +
∑
lm
ulm(r)
r
Ylm(θ, φ)
=1 +
M
2r
+
∑
lm
ulm(r)
r
Ylm(θ, φ) , (24b)
reduces the Hamiltonian constraint to∑
lm
(
u′′lm −
l(l + 1)
r2
ulm
)
Ylm =− F (r)2Z(θ, φ)2 , (25)
where we (furthermore) impose that Z(θ, φ) and ψ are
real functions. Thus, we have been able to reduce a com-
plex problem to finding the solution of an inhomogenous
second order ordinary differential equation (ODE). This
equation has a number of interesting analytic solutions.
Here, we focus on two different classes of Gaussian-type
initial conditions, one of which is spherically symmetric,
while the second class contains a dipole configuration:
Initial data I: Let us start with Gaussian-type, spheri-
cally symmetric initial data,
Z(θ, φ) =
1√
4pi
, F (r) = A00 ×
√
re−
(r−r0)2
w2 , (26)
where A00 is the scalar field amplitude and r0 and w are
the location of the centre of the Gaussian and its width.
7By solving Eq. (25), we obtain the only non-vanishing
component of ulm(r)
u00 =A
2
00
w(w2 − 4r0(r − r0))
16
√
2
(
erf
(√
2(r − r0)
w
)
− 1
)
−A200
r0w
2
8
√
pi
e−2(r−r0)
2/w2 , (27)
where we have imposed that ulm → 0 at infinity. Other
solutions can be obtained by adding a constant to (27).
Initial data II: The second case of interest concerns
initial data for a dipole scalar field 2. Specifically, we
consider a superposition of l = 1,m = ±1 spherical har-
monics for its angular dependency, such that Z(θ, φ) ∈ R
and set
Z(θ, φ) =Y1−1 − Y11 =
√
3
2pi sin θ cosφ , (28a)
F (r) =A11 × re−
(r−r0)2
w2 . (28b)
As before r0 and w are the parameters of the Gaus-
sian, whereas A11 denotes the amplitude of the dipole
scalar field. The only non-vanishing Clebsch-Gordon co-
efficients ClmY ≡
∫
dΩZ(θ, φ)2Ylm(θ, φ) are
C00Y =
1√
pi
, C20Y = −
1√
5pi
,
C22Y =C
2−2
Y =
√
3
10pi
. (29)
We thus find the following ODE for ulm
u′′lm −
l(l + 1)
r2
ulm =− ClmY F (r)2 , (30)
with non-vanishing contributions
u22 = u2−2 =− A
2
11w
2
80r2
√
3
10pi e
−2 (r−r0)
2
w2
(
4(r4 + r3r0 + r
2r20 + rr
3
0 + r
4
0) + w
2(4r2 + 7rr0 + 9r
2
0) + 2w
4
)
+A211
√
3
5
w(−16r5+16r50+40r30w2+15r0w4)
320r2
(
erf
(√
2(r−r0)
w
)
− 1
)
+A211
√
3
5
wr0(16r40+40r
2
0w
2+15w4)
320r2
(
erf
(√
2 r0
w
)
+ 1
)
+A211
√
6
5pi e
−2r20/w2 2w
2(4r40+9r
2
0w
2+2w4)
320r2 , (31a)
u00 =
A211w
16
(
− 2w(2r20+w2)e−2(r−r0)
2/w2
√
pi
−
√
2
(
4(r − r0)r20 + (r − 3r0)w2
) (
erf
(√
2(r−r0)
w
)
− 1
))
, (31b)
u20 =−
√
2
3u22 . (31c)
Comparison of constraint-satisfying and
constraint-violating initial data: To gauge the
usefulness of this initial data, we have compared the
evolution of both constraint violating and constraint
satisfying setups, runs S00 CV and S00 m0 e in Table I,
respectively. In both cases we considered a spheri-
cally symmetric scalar field surrounding an initially
non-rotating BH. The massless scalar shell is localized
around r0 = 12M with a width of w = 2.0M and
amplitude MA = 0.075. This constraint-violating initial
data closely resembles the setup used in Refs. [120, 121].
2 Note, that the scalar field momentum Π is never a pure dipole,
because the term in Eq. (24a) that is proportional to the con-
formal factor ψ mixes multipoles. For all practical purposes, we
will refer to this configuration as “dipole” bearing in mind this
caveat.
Figs. 1a and 1b show snapshots of the Hamiltonian
constraint along the x-axis. We find that constraint
violating initial data evolves to solutions which violate
the constraints even more severely with time. This is
particularly relevant close to the horizon, and it leads
to unphysical properties, such as a strong decrease
in the AH area as illustrated in Fig. 1c. We note
that this violates the first law of BH thermodynamics,
which states that the area of the (event) horizon should
always increase. On the other hand, the analytic,
constraint-satisfying initial data yields much better
constraint-preserving evolutions, leading to physically
sensible results, as is apparent in Fig. 1c.
Validation of constraint satisfying initial data: Ad-
ditionally, we have performed a series of simulations con-
structing both type-I and type-II initial data for different
sets (r0, w) of scalar field parameters and a wide range of
amplitudes. In Fig. 2 we show the relation between the
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FIG. 2. We present the relation between the initial BH mass M0 = MBH(0) normalized by the ADM mass. and the scalar
field amplitude Alm for initial data I (left) and II (right) for various sets of parameters. Specifically, the Gaussian scalar shells
with widths w = 0.5M or w = 2.0M are centered around r0 = 6M or r0 = 12M . The BH mass decreases as the amplitude
increases because we have fixed the ADM mass.
scalar field amplitude and the BH mass at t = 0. The to-
tal (ADM) mass MADM is fixed in these constructions be-
cause the term
∑
lm
ulm
r Ylm in the conformal factor (24b)
falls off sharply at infinity and we have required ulm → 0
asymptotically. Therefore, the correction to the confor-
mal factor, Eq. (24b), does not contribute to the mass of
the system. Both initial data sets have similar qualita-
tive features, and specifically the BH Christodoulou mass
decreases as the amplitude of the scalar field increases.
B. Extensions to generic conformally flat
spacetimes and other scalar field profile
We note, that in the previous construction we consid-
ered scalar clouds around a spherically symmetric space-
time with fixed ADM mass MADM by requiring that ulm
vanishes asymptotically. However, this is only one possi-
ble choice. In particular, the framework is valid as long as
we assume a conformally flat metric and can, therefore,
easily be extended to more general cases.
The simplest example is the Minkowski spacetime with
line element
ds2 =− dt2 + ηijdxidxj , (32)
for which γ˜ij = ηij and K = 0 by construction. Again,
we choose Φ = 0 and adopt Eq. (24a) for the scalar field
momentum. Because initially there is no BH present in
this spacetime we take the ansatz
ψ =1 +
∑
lm
ulm
r
Ylm(θ, φ) , (33)
for the conformal factor, which follows directly from
Eq. (24b) in the limit M → 0. Then, the Hamiltonian
constraint results in the ODE given in Eq. (25). This
implies that the solutions ulm of the initial data I and II
are also the analytic solutions for the Minkowski “back-
ground” spacetimes with the ansatz (26) and (28). We
note that, in particular, the solution with the ansatz (26)
is spherically symmetric and the dynamical problem can
be reduced to a 1 + 1 problem [122]. In this case, the
solution is written with u00 given in Eq. (27) by
ψ =1 +
u00(r)− u00(0)
2r
√
pi
, (34a)
Π =
A00
2pi
e−
(r−r0)2
w2 ψ−
5
2 , (34b)
where we subtracted u00(0) in order to regularize the
conformal factor at the origin (because u00(0) is a
nonzero constant, making the term u00(r)/r singular at
the origin). The system has ADM energy MADM =
−u00(0)/
√
pi due to the scalar field.
C. Superposition of scalar field profiles and
multiple black holes
Another interesting setup would be the superposition
of various scalar fields motivated by the possible presence
of more than one fundamental, ultralight scalar field or by
the prospect of coupling fundamental fields to spacetimes
in modified gravity, such as scalar–tensor theories. Here,
we will focus on scalar clouds in Minkowski or around
Schwarzschild BHs which allows us to provide analytic
solutions describing this setup. In particular, we can keep
the assumptions that we made in the last section, namely
γ˜ij =ηij , K = 0 , Φ = 0 . (35)
Instead, we consider non-trivial profiles of the scalar field
momenta and will solve the Hamiltonian constraint for
9the deformation of the conformal factor from its value
ψCF in the absence of any additional field. In particular,
for Minkowski we have ψCF = 1. In a spacetime con-
taining NBH non-rotating BHs without any momenta the
solution is given by Brill-Lindquist initial data [123, 124]
ψCF =1 +
NBH∑
(a)=1
M(a)
2r(a)
, (36)
where M(a) and r(a) are the bare mass parameter and
position of the (a)-th BH. For example, the calculation of
the previous section can be generalized to two spherically
symmetric profiles (with equal amplitude),
Π =Π1 + Π2 , Πi =
A00
2pi
e−
(r−ri)2
w2 ψ−
5
2 , (37)
where ri denotes the distance of the peak of the i-th
spherical shell from the origin. We take the ansatz for
the conformal factor
ψ =ψCF +
[
u00,1 + u00,2 + u00,CF
]Y00(θ, φ)
r
. (38)
Although the Hamiltonian constraint becomes more com-
plicated with this ansatz we already know the solution of
the following equations by choosing appropriate param-
eters in Eq. (27),
4flatu00,i(r;A00, ri)
r
Y00 =− piψ5Π2i . (39)
The solution of the remaining equation can be described
by the parameters A¯00 and r¯12,
4flatu00,CF(r; A¯00, r¯12)
r
Y00 =− 2piψ5Π1Π2 (40)
=− A¯
2
00
4pi
e−
2(r−r¯12)2
w2 ,
where
A¯200 =2A
2
00e
− (r1−r2)
2
2w2 , r¯12 =
r1 + r2
2
. (41)
Thus, the initial data describing the superposition of two
scalar fields is given by
ψ =ψCF +
1
2r
√
pi
[
u00,1(r;A00, r1)− u00,1(0;A00, r1)
+u00,2(r;A00, r2)− u00,2(0;A00, r2)
+u00,CF (r; A¯00, r¯12)
]
, (42a)
Π =
A00
2pi
ψ−
5
2
[
e−
(r−r1)2
w2 + e−
(r−r2)2
w2
]
. (42b)
In addition, one can extend this construction to NSF
scalar field profiles in a straight-forward calculation
ψ =ψCF +
1
2r
√
pi
[NSF∑
i=1
{u00,i(r;A00, ri)− u00,i(0;A00, ri)}
+
∑
i<j
u00,ij(r; A¯00,ij , r¯ij)
]
, (43a)
Π =
A00
2pi
ψ−
5
2
NSF∑
i=1
e−
(r−ri)2
w2 , (43b)
with
A¯200,ij =2A
2
00e
− (ri−rj)
2
2w2 , r¯ij =
ri + rj
2
, (44)
where the constant u00,i(r = 0) was added to u00,i(r)
in order to have a positive ADM mass. In principle,
it is possible to generalize the construction outlined in
this section to include type II initial data, modeling the
superposition of NSF dipole scalar fields, or to allow for
arbitrary amplitude Ai,00 6= Aj,00.
D. A rotating black hole surrounded by a scalar
field
A particularly interesting scenario that we have not yet
captured with our analytic initial data construction are
scalar fields surrounding rotating BHs. This is an espe-
cially attractive setup, because it opens up the possibility
to explore superradiant effects and the BH bomb mecha-
nism non-linearly. For this purpose we consider the Kerr
solution as underlying BH spacetime. The line element
of the Kerr BH in Boyer-Lindquist (BL) coordinates is
given by
ds2 =−
(
1− 2MrBL
Σ
)
dt2 − 4aMrBL sin
2 θ
Σ
dtdφ
+
Σ
∆
dr2BL + Σdθ
2 +
A
Σ
sin2 θdφ2 , (45a)
A = (r2BL + a2)2 −∆a2 sin2 θ , (45b)
Σ =r2BL + a
2 cos2 θ , (45c)
∆ =r2BL − 2MrBL + a2 , (45d)
where M is again the BH bare mass parameter and a/M
is the dimensionless spin parameter. However, BL coordi-
nates are not favourable from a numerical viewpoint, be-
cause there are coordinate singularities at the location of
horizon r± = M±
√
M2 − a2. Brandt & Seidel [125, 126]
and Liu et al [83] proposed to employ quasi-isotropic co-
ordinates in which the spatial metric components remain
regular. Following Liu et al [83], we introduce the quasi-
isotropic radial coordinate R which is related to the BL
radial coordinate rBL via
rBL =R
(
1 +
r+
4R
)2
. (46)
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In this coordinate the outer horizon is located at R = r+4
which results in a finite value lima/M→1R = M4 in the
extremal limit. Thus, we are able to stably evolve highly
spinning BHs – with initial spin up to a0/M ∼ 0.95 –
represented by punctures with high accuracy. To be pre-
cise, the deviation from the expected spin parameter (in
the pure Kerr case) is less than 1% even for the highest
spinning case, as we will discuss in Appendix B (see also
Ref. [83]). In these quasi-isotropic coordinates (R, θ, φ)
the spatial part of the Kerr solution (45) writes
dl2 =γBGij dx
idxj
=ψ40
[ (
R+ r+4
)2
R(rBL − r−)dR
2 +R2dθ2 +
A
Σ2
R2 sin2 θdφ2
]
,
γ˜BGij =ψ
−4
0 γ
BG
ij , ψ
4
0 =
Σ
R2 ,
α =
√
∆Σ
A , β
φ = −2aM rBLA (47)
where A, Σ and ∆ are given by Eqs. (45). The extrinsic
curvature becomes
KBGRφ =
aM sin2 θ
Σ
√AΣ
(
2r2BL
[
r2BL + a
2
]
+ Σ
[
r2BL − a2
])
×
(
1 +
r+
4R
) 1√
R
√
rBL − r−
, (48a)
KBGθφ =− 2a3M
rBL cos θ sin
3 θ
Σ
√AΣ
×
(
1− r+
4R
)√
R
√
rBL − r− . (48b)
Let us now consider the presence of a scalar field
around a Kerr BH. In order to prepare this type of
configuration properly we need to solve the constraint
Eqs. (20). Specifically, we adopt the Kerr metric in quasi-
isotropic coordinates, Eq. (47), as conformal metric with
the curvature given in Eq. (48). We still have the freedom
to impose the maximal slicing condition and, further-
more, choose a vanishing scalar field initially, yielding
the ansatz
K =0 , Φ = 0 , Π =
AG√
pi
ψ−
5
2Z(θ, φ)e−
(r−r0)2
w2 (49)
where the different angular profiles Z(θ, φ) are given in
Eqs. (26) or (28). The constraint Eqs. (20) become
H =4˜ψ − 18 R˜BGψ + 18 A˜ijBGA˜BGij ψ−7 + piΠ2ψ5 = 0 ,
(50a)
Mi =D˜jA˜BGji = 0 , (50b)
where R˜BG corresponds to γ˜BGij in Eq. (47) and the trace-
less extrinsic curvature of the Kerr BH is defined by us-
ing background quantities as A˜BGij = ψ
2
0K
BG
ij . As long as
we use the background conformal metric and the trace-
less component of the background extrinsic curvature,
the momentum constraints (20b) are trivially satisfied
by the maximal slicing condition. Furthermore, we take
the ansatz for the conformal factor
ψ ≡ψ0 (1 + u(r, θ, φ)) , (51)
where ψ0 is given in Eq. (47). Then, Eq. (50a) becomes
4flatu =
[
ηij − γ˜ijBG
]
∂i∂ju− γ˜ijBG ,i∂ju
− 2γ˜ijBGψ−10 ∂iu∂jψ0 −A2Gψ−10 Z2(θ, φ)e−
2(r−r0)2
w2
+ 18 A˜
ij
BGA˜
BG
ij ψ
−8
0 u(2 + u)(2 + 2u+ u
2)
× (2 + 4u+ 6u2 + 4u3 + u4)(1 + u)−7 ,
(52)
where we have used the vacuum Hamiltonian constraint
to eliminate the Ricci scalar R˜BG. As we have shown,
this procedure yields a single elliptic PDE for the regular
function u which we will solve numerically using standard
numerical methods under the outer boundary condition
u→ r−1.
E. A black hole and a pseudo-bound state of a
scalar field
We have just explored different ways of providing ini-
tial data either in closed analytic form or requiring nu-
merical integrations assuming Gaussian scalar field pro-
files. However elegant and appealing, these constructions
still describe very contrived physical situations. Accord-
ingly, the time evolution of these initial conditions might
lead to arbitrary, potentially large absorption and scat-
tering of radiation to infinity.
However, linearized perturbations of massive scalar
fields around Kerr BHs have revealed the existence of
long-lived modes, or quasi-bound states, which have been
investigated in the frequency domain in the past [50–
52, 127]. The quasi-bound states are useful because they
prescribe a clean state and, in fact, numerical simulations
in the time domain have uncovered interesting phenom-
ena [38, 57, 58].
We now turn to the question of constructing initial
data that corresponds roughly to the scenario under
consideration, i.e., describing long-lived quasi-stationary
states around BHs, for which the scalar field is almost
monochromatic and in a very specific angular momentum
state. We will call this initial data pseudo-bound states,
as they will solve the full non-linear problem but only
mimick the quasi-bound states seen in linearized studies
[34, 37, 38]. The evolution of this data will lead to very
small initial accretion or loss to infinity.
Initial data describing pseudo-bound states requires
both a non-vanishing scalar field Φ and conjugated mo-
mentum Π. In this case the momentum constraints (20b)
become (in principle) non-trivial and are difficult to solve
even numerically. We show how to lighten this burden
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by taking the ansatz for Φ 3
Φ(t, r, θ, φ) =AP√
pi
exp
[
i(ωt+mφ)− (r−r0)2w2
]
Z(θ) , (53)
where r0 and w are the location and width of the Gaus-
sian and AP is the scalar field amplitude. We get, by
definition, the relation,
Π(t, r, θ, φ) = 1α [β∂φΦ− ∂tΦ] = iα (mβ − ω) Φ , (54)
where we defined β = βφ. We now insert Eq. (54) into the
momentum constraints (20b) and recall that A˜BGji solves
the vacuum momentum constraints. Then, Eq. (20b)
yields the relation
∂iK =− 6pi
[
Π∂iΦ
∗ + Π∗∂iΦ
]
=− i6pi(mβ − ω)
α
[
Φ∂iΦ
∗ − Φ∗∂iΦ
]
=− 12piA
2
P
α
(mβ − ω)e−
(r−r0)2
w2 Z(θ)2δφi . (55)
Here, we solve the (momentum) constraints (20b) by
imposing the minimal slicing condition, i.e., ∂iK = 0.
Then, the relation (55) implies that mβ = ω must hold.
Naively, one could fix the frequency ω = ωB = const to
be the characteristic frequency of a quasi-bound state.
However, β = const would not be consistent with de-
manding asymptotic flatness as well as the requirement
that the shift vector decreases sufficiently fast at large
distances. Therefore, it is convenient to consider a po-
sition dependent shift and, consequently, a position de-
pendent frequency ω/m = β, such that Eq. (55) remains
satisfied. Guided by perturbative studies we relate the
space-dependent frequency ω to the characteristic fre-
quency ωB of quasi-bound states (which is always of the
order of the mass of the field), and specifically we set
β(r, θ, φ)
∣∣∣
t=0
=
ω(r, θ, φ)
m
=
ωB
m
√
3
2pi exp
[
− (r−r0)2w2
]
sin θ cosφ . (56)
We now substitute the metric (47) and the extrinsic
curvature (48) in the Hamiltonian constraint (20a), and
obtain
H =4˜ψ − 18 R˜BGψ + 18 A˜ijBGA˜BGij ψ−7
+ piψγ˜ijBGD˜iΦD˜jΦ
∗ + piµ2Sψ
5ΦΦ∗ = 0 . (57)
Note, that now the initial data depends on the mass pa-
rameter µS . In addition, we split the conformal factor
according to Eq. (51) and eliminate the Ricci scalar term
using the vacuum Hamiltonian. Under these conditions
3 for convenience we use the opposite sign in the time dependence
as compared to standard conventions [52].
we end up with a single elliptic PDE for the regular func-
tion u
4flatu =
[
ηij − γ˜ijBG
]
∂i∂ju− γ˜ijBG ,i∂ju− 2γ˜ijBGψ−10 ∂iu∂jψ0
+ 18 A˜
ij
BGA˜
BG
ij ψ
−8
0 u(2 + u)(2 + 2u+ u
2)
× (2 + 4u+ 6u2 + 4u3 + u4)(1 + u)−7
− pi(1 + u)γ˜ijBG
(
ΦR,iΦ
R
,j + Φ
I
,iΦ
I
,j
)
− piµ2Sψ40(1 + u)5
(
ΦRΦR + ΦIΦI
)
. (58)
We can now solve the PDE (58) for u by employing stan-
dard numerical methods such as a multigrid or spectral
solver.
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FIG. 3. The relation between the amplitude of a scalar field
and the initial BH mass for a non-rotating (top) and rotating
BH (bottom). The BH mass (in units of the ADM mass)
decreases as the scalar field amplitude increases. Fig. (a) and
Fig. (b) show a dipole Gaussian or pseudo-bound state scalar
field coupled to a non-rotating BH and a rotating BH with
a0/M = 0.4 and 0.8. The Gaussian scalar wave packet is
localized at r0 = 12M and has width w = 2M .
We have checked our initial data implementation
by constructing Gaussian or pseudo-bound state scalar
clouds using the formalism presented in Sec. III D
and III E. In particular we have computed the initial
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states of scalar shells with width w = 2M and local-
ized at r0 = 12M for both non-rotating and rotating
BH spacetimes. We present the relation between the BH
mass and the amplitude of the scalar cloud in Fig. 3 for
various values of the BH spin. The present construction
always yields a BH solution for any scalar field amplitude.
IV. RESULTS I – SCALAR CLOUDS AROUND
NON-ROTATING BLACK HOLES
This section is devoted to the analysis of scalar clouds
interacting with an initially non-rotating BH. We note
that even though superradiance is absent in this case,
long-lived modes of massive fields still exist, thus involv-
ing a potentially rich phenomenology.
The numerical error is estimated to be at most 6%
for the scalar and gravitational waveforms at late times
while the BH mass, area and spin have at most a
(0.19, 8.5 · 10−3, 0.16)% error. A discussion of the error
and convergence analysis is done in Appendix A.
A. Massless scalars around non-rotating black
holes
We start by investigating massless scalars coupled to
a Schwarzschild BH. Therefore, we set up initial data
describing a spherically symmetric or dipole scalar field
provided, respectively, by Initial data I and Initial data
II in Sec. III A, Eqs. (27) and (31). We have performed a
series of simulations with varying location r0/M , width
w/M and amplitude MA of the Gaussian wave packet,
where A refers to the amplitude A00 or A11 for type I or
II initial data in Sec. III A. The specific type and set of
parameters of the initial scalar, the mass M0 = MBH(0)
of the initial BH as well as the grid setup of our numerical
domain are summarized in Table I.
We have evolved these configurations in time, follow-
ing the infall of the scalar shell into the non-rotating BH
and their interaction and monitoring the BH’s response.
Our simulations allow us to explore effects of backreac-
tion onto the spacetime, one effect of which is BH mass
increase via scalar field accretion. Depending on the ini-
tial energy content of the scalar field we find that the
BH mass increases by up to 21% (for our setups) as is
illustrated in the top panel of Fig. 4a.
Accretion is generically accompanied by BH ringdown
– both in the scalar and the GW channel – which we
find is in good agreement with linearized BH perturba-
tion calculations [52]. For spherically symmetric profiles
there is no gravitational signal due to the symmetry and
the scalar waveform exhibits a short quasi-normal ring-
down followed by a power-law fall-off t−p with p = 3.2
which is in good agreement with linearized calculations
of the power-law tail [128–130]. Instead, the response to
the dipole scalar field consists of scalar as well as grav-
itational quasi-normal ringdown as is shown in Fig. 4b
where we present the respective dominant multipoles Φ11
and Ψ4,22. As illustrated in Fig. 4a even this apparently
simple configuration exposes new features of the BH re-
sponse: the BH is distorted by the infalling scalar wave
and experiences a small spin-up especially from the dipole
scalar as can been seen in the bottom panel of Fig. 4a.
The excited BH rings down, shedding off most of the an-
gular momentum and settles down to a Kerr BH with a
small spin and larger final mass.
B. Massive scalars around non-rotating black holes
We next focus on the time evolution of massive scalar
fields around non-rotating BHs. Although this system is
not subject to superradiant amplification, it does give rise
to long-lived scalar clouds, as illustrated in an animation
available at [131] and Fig. 14 in Appendix C, which con-
tinuously feed the BH and trigger long-lived GW emis-
sion. Thus, even this simple configuration allows for in-
teresting new phenomenology concerning smoking gun
effects for “gravitational atoms.” We take as initial data
the construction outlined in Sec. III A, Eqs.(27) and (31).
Table II summarizes the initial parameters. Throughout
this section, we will mainly present results obtained for
the scalar field with the largest energy content resulting
in a mass coupling M0µS = 0.29.
The BH response to a spherically symmetric configu-
ration is summarized in Fig. 5a. A fraction of the field is
accreted by the BH, leading to an increase in BH mass
of 24%. The infalling scalar excites monopole BH ring-
down, shown in Fig. 5b. The short quasinormal ringdown
of the l = m = 0 mode is succeeded by a late-time power
law tail of the form t−p sin(ωt) with p = 0.83 as illus-
trated by the red dashed line in Fig. 5b. This numerical
value is in excellent agreement with predictions of p = 56
from the linearized analysis of massive scalar fields in
BH spacetimes [58, 132–135]. It is remarkable, and to
the best of our knowledge the first time, that this late-
time massive tail is recovered with such high accuracy in
a fully non-linear simulation.
Fields with non-trivial angular profile can be confined
between the centrifugal barrier induced by the angular-
momentum and the massive barrier at large distances.
They can thus exhibit more colorful effects and we display
the most striking one in Figs. 6, 7 and 8: the formation
of a long-lived scalar cloud, resembling a “gravitational
atom”, also illustrated in the animation available at [131]
and the snapshots in Fig. 14.
At early times, the infalling scalar field excites the
BH causing an outburst of gravitational and scalar ra-
diation. The first pulse resembles the quasinormal ring-
down of a Schwarzschild BH; in fact, we find good agree-
ment (to within 3%) between the oscillation frequencies
of this early time response and those of Schwarzschild
QNMs [52]. This early quasinormal ringdown stage gives
way to a long-lived gravitational and scalar wave phase,
as is apparent in Figs. 6 and 7.
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TABLE I. Setup and initial parameters for massless scalar fields around a non-rotating BH with initial mass M0 = MBH(0)
and bare mass parameter M = 1. We denote the dimensionless location r0/M , width w/M and amplitude MA of the scalar
shell with type I or II initial profile in Sec. III A, refering, respectively, to Z(θ, ϕ) ∼ Y00 or Z(θ, ϕ) ∼ Y1−1 − Y11. Note, that
we have run one simulation using constraint violating initial data, denoted as “CV”. We present the grid setup in the notation
given by Eq. (18), where the “radii” of the refinement boxes are given in units of the bare mass xi/M .
Run type r0/M w/M M A M0 Grid setup
S00 m0 a I 6.0 2.0 0.15 0.6859 {(384, 192, 96, 48, 24, 12, 6, 3, 1.5), h = M/32}
S00 m0 b I 6.0 2.0 0.1 0.8626 {(384, 192, 96, 48, 24, 12, 6, 3, 1.5), h = M/32}
S00 m0 c I 12.0 0.5 0.15 0.6858 {(256, 128, 64, 16, 8, 4, 2, 1), h = M/60}
S00 m0 d I 12.0 0.5 0.015 0.9969 {(256, 128, 64, 16, 8, 4, 2, 1), h = M/60}
S00 m0 e I 12.0 2.0 0.075 0.6837 {(256, 128, 64, 16, 8, 4, 2, 1), h = M/60}
S00 CV CV 12.0 2.0 0.075 1.0 {(256, 128, 64, 32, 16, 8, 4, 2, 1), h = M/40}
S11 m0 a II 6.0 2.0 0.04 0.7178 {(384, 192, 96, 48, 24, 12, 6, 3, 1.5), h = M/32}
S11 m0 b II 6.0 2.0 0.03 0.8430 {(384, 192, 96, 48, 24, 12, 6, 3, 1.5), h = M/40}
S11 m0 c II 12.0 0.5 0.03 0.6983 {(192, 96, 48, 24, 12, 6, 3, 1.5), h = M/60}
S11 m0 d II 12.0 0.5 0.003 0.9970 {(192, 96, 48, 24, 12, 6, 3, 1.5), h = M/60}
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FIG. 4. Results for a massless scalar field around a non-rotating BH. Fig. (a) depicts the change in the BH mass (top) and
the (dimensionless) angular momentum a/MBH of the BH (bottom) as a function of time. The field has been set up as a shell
with spherically symmetric or dipole angular configuration. Fig. (b) illustrates the l = m = 1 waveform (top) of the massless
scalar field with an initial dipole configuration and the dominant l = m = 2 gravitational waveform (bottom) emitted after
the accretion. Exemplarily, we present results produced by model S11 m0 c in Table I. Both waveforms, shifted in time by the
extraction radius rex = 40M , show a clear quasi-normal ringdown signal.
As reported recently, this long-lived state is an exci-
tation of several closely-spaced overtones, and therefore
exhibits a modulation and space-dependent excitation
compatible with a beating pattern which had so far only
been observed in time evolutions of scalar fields in fixed
backgrounds [38, 58]. The long-lived scalar cloud in turn
non-linearly triggers the excitation of GWs which slowly
leak to infinity, explaining the long-lived states observed
also in the l = m = 2 gravitational sector as illustrated in
Fig. 7. Our results indicate that the gravitational signal
is at late-times a long-lived exponentially decaying sinu-
soid, induced by the (long-lived) quasi-stationary scalar
field state.
So far, we have focused only on the dominant, i.e.,
dipole mode. Additionally, let us inspect higher multi-
poles presented in Fig. 8. The waveforms exhibit beat-
ing between different modes, but also a seemingly non-
linear excitation of higher multipoles. A linearized anal-
ysis shows that the beating period increases as 2l+1 and
is of the order of our simulation timescales already for
l = 3. Thus, it seems that the timescales probed here
are not sufficient to discriminate clearly between linear
and non-linear effects in the complex pattern observed
in higher multipoles. The possibility that these are truly
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TABLE II. Setup and initial parameters for massive scalar fields around a non-rotating BH with initial mass M0 = MBH(0)
and bare mass M = 1. We denote the initial mass coupling M0µS , the dimensionless location r0/M , width w/M and amplitude
MA of the scalar shell with type I or II initial profile in Sec. III A, Eqs.(27) and (31). We present the grid setup in the notation
given by Eq. (18) with the “radii” of the refinement levels given in units of the bare mass M .
Run type M0µS r0/M w/M M A M0 Grid setup
S00 m42 a I 0.29 6.0 2.0 0.15 0.6859 {(1536, 768, 384, 192, 96, 48, 24, 12, 6, 3, 1.5), h = M/32}
S00 m42 b I 0.36 6.0 2.0 0.1 0.8626 {(1536, 768, 384, 192, 96, 48, 24, 12, 6, 3, 1.5), h = 3M/80}
S00 m42 c I 0.29 12.0 0.5 0.15 0.6858 {(1024, 256, 128, 64, 16, 8, 4, 2, 1), h = M/60}
S00 m42 d I 0.42 12.0 0.5 0.015 0.9969 {(1024, 256, 128, 64, 16, 8, 4, 2, 1), h = M/60}
S11 m42 a II 0.30 6.0 2.0 0.04 0.7178 {(3072, 1536, 768, 384, 192, 96, 48, 24, 12, 6, 3, 1.5), h = M/32}
S11 m42 b II 0.35 6.0 2.0 0.03 0.8430 {(1536, 768, 384, 192, 96, 48, 24, 12, 6, 3, 1.5), h = M/32}
S11 m42 c1 II 0.29 12.0 0.5 0.03 0.6983 {(1536, 384, 192, 32, 16, 8, 4, 2, 1), h = M/52}
S11 m42 c2 II 0.29 12.0 0.5 0.03 0.6983 {(1536, 384, 192, 32, 16, 8, 4, 2, 1), h = M/56}
S11 m42 c3 II 0.29 12.0 0.5 0.03 0.6983 {(1536, 384, 192, 32, 16, 8, 4, 2, 1), h = M/60}
S11 m42 d II 0.41 12.0 0.5 0.01 0.9669 {(1536, 384, 192, 32, 16, 8, 4, 2, 1), h = M/60}
S11 m42 e II 0.42 12.0 0.5 0.003 0.9970 {(1024, 256, 128, 64, 16, 8, 4, 2, 1), h = M/60}
S11 m77 II 0.54 12.0 0.5 0.03 0.6983 {(1536, 384, 192, 32, 16, 8, 4, 2, 1), h = M/60}
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FIG. 5. Evolution of a spherically symmetric massive scalar field with M0µS = 0.29 around a non-rotating BH. Fig. (a)
depicts the relative area of the AH (top), the relative BH mass (middle) as compared to its value at t = 0 and the dimensionless
spin parameter a/MBH (bottom) as functions of time. Fig. (b) presents the l = m = 0 waveform of the scalar field measured
at rex = 40M . In addition to the numerical data (black solid curve) we show a fit to the late-time tail (red dashed curve) with
t−0.83 in excellent agreement with linearized analysis.
non-linear effects akin to recently reported turbulence ef-
fects which shift the radiation to shorter scales and that
might therefore lead to collapse of the field [136–139] is
certainly worth exploring more in the future. It is plau-
sible that quasi-bound (“confined”) states are also prone
to such effects, but now in asymptotically flat space-
times [122, 140].
V. RESULTS II – SCALAR CLOUDS AROUND
ROTATING BHS
This section concerns the evolution of scalar fields
around spinning BHs. Because this is mostly uncharted
territory, we have compared our results to previous re-
ports in the literature, by monitoring the time evolu-
tion of an isolated, highly rotating BH set up in quasi-
isotropic coordinates. This analysis is done in Appendix
B. Instead, the main body of the present work is devoted
to the evolution of massive scalars coupled to a Kerr BH.
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FIG. 6. l = m = 1 scalar field multipole for a massive,
dipole scalar field with M0µS = 0.29 around a non-rotating
BH. The waveforms, extracted at different radii rex exhibit
pronounced beating patterns.
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A. Massive scalars around spinning black holes
The evolution of massive scalar fields in rotating BH
spacetimes is summarized in Fig. 9, where we focus on a
highly spinning BH with (initial) spin a0/M = 0.95 and
initial BH mass M0 = 1.0. We set up the scalar shell with
a dipole angular configuration either as generic Gaussian
wavepacket or pseudo-bound state according to Sec. III D
and Sec. III E, respectively. Unless denoted otherwise the
shell has a width of w = 2.0M and its maximum is cen-
tered around r0 = 12.0M . In case of pseudo-bound state
initial data we furthermore specify the eigenfrequency of
the system which is MωB = 0.4929 for our choice of pa-
rameters [50, 51]. Further specific parameters, such as
the (initial) mass coupling M0µS , the amplitude A refer-
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FIG. 8. We display different l = m scalar multipoles, mea-
sured at rex = 40M , induced by a massive scalar field with
initial coupling M0µS = 0.537. We observe, that higher mul-
tipoles are excited to a significant amount and they exhibit a
colorful beating pattern.
ing to AG or AP for Gaussian or pseudo-bound state
initial data, and the setup of the numerical domain are
summarized in Table III. An animation illustrating the
process is available online [131].
The time evolution has many characteristics in com-
mon with the non-rotating case discussed previously. The
scalar shell is initially accreted onto the BH, and it ex-
cites the system by initiating a large burst of scalar and
gravitational radiation leading to ringdown. Following
this outburst of radiation a scalar cloud forms around
the BH and we observe two interesting effects:
(i) the scalar cloud is dragged along with the BH, an ef-
fect which seems to be clearly related to frame-dragging;
(ii) the scalar cloud lightens up and dims periodically
over time, like a light-house on the seashore. This is
due both to the azimuthal dependence of the field as
well as to the beating effects already discussed (see also
Refs. [38, 58] for a thorough linear analysis).
One interesting aspect of these simulations is that they
embody the properties of the initial data discussed pre-
viously: pseudo-bound state initial data shows less ac-
cretion than Gaussian initial data for comparable ini-
tial energy densities, because it was built to behave as a
quasi-bound state. This property is clearly seen in Fig. 9:
the GW response is similar in magnitude and has similar
temporal behavior. However, the scalar field differs sub-
stantially, with much larger variations (and accretion)
happening for Gaussian initial data. This property is
accordingly imprinted on the gravitational-wave signal:
Gaussian-type initial data induces ringdown which is fol-
lowed by a power-law decay and a transition to a small,
almost constant GW emission. Instead, those simula-
tions starting with a pseudo-bound state configuration
show an immediate transition to an almost constant GW
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TABLE III. Setup and initial parameters for massive scalar fields around a BH with initial spin parameter a0/M = 0.95 and
initial BH mass M0 = 1. We set up pseudo-bound state (“BS”) or Gaussian (“Ga”) type initial data described, respectively,
in Sec. III E and Sec. III D. The scalar shell with width w = 2.0M is located around r0 = 12.0M and has an amplitude MA.
The (initial) mass coupling is given by M0µS . In case of pseudo-bound state initial data we employ its characteristic frequency
MωB = 0.4929. We present the grid setup in the notation given by Eq. (18), where the “radii” of the refinement levels are
given in units of the bare mass parameter M = 1.
Run type M0µS M A Grid setup
AnimKerr BS 0.35 0.075 {(192, 64, 32, 16, 8, 4, 2), h = M/48}
KBl m35 a BS 0.35 0.05 {(384, 192, 64, 32, 16, 8, 4, 2), h = M/60}
KBl m35 b BS 0.35 0.075 {(1536, 384, 192, 64, 32, 16, 8, 4, 2), h = M/60}
KGl m30 a1 Ga 0.30 0.025 {(384, 192, 96, 48, 24, 12, 4, 2), h = M/52}
KGl m30 a2 Ga 0.30 0.025 {(384, 192, 96, 48, 24, 12, 4, 2), h = M/56}
KGl m30 a3 Ga 0.30 0.025 {(384, 192, 96, 48, 24, 12, 4, 2), h = M/60}
KGl m30 b Ga 0.30 0.075 {(384, 192, 96, 48, 24, 12, 4, 2), h = M/60}
signal in the l = 2 modes as shown in Fig. 9. This (al-
most) constant signal is powered by the continuing influx
of the scalar field and thus induced stimulation of the BH.
The different late-time response accommodates the fact
that the generic Gaussian scalar field undergoes a tran-
sition to a pseudo-bound state, in which the scalar cloud
localizes in the vicinity of the BH.
B. Hunting for superradiance
As we mentioned previously it is extremely challenging
to observe scalar-field superradiance at the full non-linear
level. This is due to the (relatively) short timescales over
which BH systems can be evolved accurately but also due
to the fact that scalar fields have a very small superra-
diant amplification factor of 0.04% [33]. However, we do
find signs of induced gravitational superradiance. This
claim is supported by Fig. 10, which shows the evolution
of BH mass, area and spin for several initial BH spins and
scalar field amplitude. These results refer to a series of
simulations in which we consider a pseudo-bound state
initial scalar shell centered around r0 = 12.0M with a
dipole angular dependence, a width of w = 2.0M and
mass coupling M0µS = 0.35. We estimate the numerical
error in the AH area, BH mass and spin to be, respec-
tively, ∆AAH/AAH ≤ 0.091%, ∆MBH/MBH ≤ 0.0076%
and ∆a/a ≤ 0.055%.
In the first set of runs we have fixed the scalar field
amplitude to AP = 0.075 and varied the initial spin of
the BH in the range a0/M = 0, . . . , 0.95. In the second
set we have fixed the BH spin a0/M = 0.95 and varied
the scalar field amplitude AP = 0, . . . , 0.25 and, thus, the
energy content in the initial scalar cloud. The specific
setups are summarized in Table IV, where we also give
the critical frequency for superradiance (for the initial
setup)
ωC =mΩH =
m
2R+
(
a
M
)
= 2m
(
a
M
)
1
M+
√
M2−a2 , (59)
in terms of the quasi-isotropic radial coordinate used in
our simulations (see Eq. (46)).
A close inspection of the BH parameters reveals pos-
sibly superradiant behaviour in various time intervals at
early stages of the evolution. Here, we focus on the in-
terval 10 ≤ t1/M0 ≤ 20.
It is apparent from Fig. 10 that for large enough ini-
tial spins both the BH mass and spin decrease, while the
horizon area keeps increasing during this time interval.
On the other hand, it is also clear that these changes are
not dependent on the scalar field amplitude, and thus
its energy density. We are thus inclined to interpret this
as graviton superradiance of spurious gravitational ra-
diation present in the initial slice. This interpretation
is consistent with the superradiant amplification factors
expected for spin-2 particles, whereas scalar fields have
too low an amplification to explain the observed behav-
ior [33, 52, 141, 142].
One of the main obstacles against observing scalar-
field superradiance are the extremely small amplification
factors for these fields. Gravitational fields on the other
hand, can have amplification factors orders of magnitude
larger. A recent study has shown clearly for the first
time gravitational superradiance at the nonlinear level,
by scattering of gravitational wavepackets off a spinning
BH [32].
VI. CONCLUSIONS AND OUTLOOK
The physics and phenomenology of fundamental fields
is extremely rich and fascinating. Current models for the
evolution of the universe, dark matter and string the-
ory all advocate the existence of light scalar degrees of
freedom. Some of these ultra-light fields might have a
dramatic impact on the evolution of BH systems, thus
making BHs perfect laboraties to search for physics be-
yond the standard model. Therefore, investigating BH
physics in the presence of such kind of matter is more
than an academic exercise.
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TABLE IV. Setup and initial parameters for massive scalar fields around a BH with initial spin parameter a0/M and initial BH
mass M0 = 1. We give the corresponding critical frequency ωC = mΩH for superradiance, Eq. (1). We set up pseudo-bound
states described in Sec. III E and specify its eigenfrequency MωB guided by linearized computations. The scalar shell with
width w = 2.0M is located around r0 = 12.0M and has an amplitude M AP . The (initial) mass coupling is M0µS = 0.35. We
present the grid setup in the notation given by Eq. (18), where the refinement box “radii” are given in units of the bare mass
M .
Run a0/M MωC M AP MωB Grid setup
KBs m35 a 0.00 0.0000 0.075 0.3929 {(96, 48, 24, 12, 4, 2), h = M/60}
KBs m35 b 0.25 0.2540 0.075 0.3929 {(96, 48, 24, 12, 4, 2), h = M/60}
KBs m35 c 0.50 0.5359 0.075 0.3929 {(96, 48, 24, 12, 4, 2), h = M/60}
KBs m35 d 0.90 1.2536 0.075 0.5878 {(96, 48, 24, 12, 4, 2), h = M/60}
KBs m35 e1 0.95 1.4479 0.075 0.4929 {(96, 48, 24, 12, 4, 2), h = M/52}
KBs m35 e2 0.95 1.4479 0.075 0.4929 {(96, 48, 24, 12, 4, 2), h = M/56}
KBs m35 e3 0.95 1.4479 0.075 0.4929 {(96, 48, 24, 12, 4, 2), h = M/60}
KBs m35 f 0.95 1.4479 0.000 0.4929 {(96, 48, 24, 12, 4, 2), h = M/60}
KBs m35 g 0.95 1.4479 0.025 0.4929 {(96, 48, 24, 12, 4, 2), h = M/60}
KBs m35 h 0.95 1.4479 0.050 0.4929 {(96, 48, 24, 12, 4, 2), h = M/60}
KBs m35 i 0.95 1.4479 0.150 0.4929 {(96, 48, 24, 12, 4, 2), h = M/60}
KBs m35 j 0.95 1.4479 0.250 0.4929 {(96, 48, 24, 12, 4, 2), h = M/60}
In the present paper we have started to explore the
rich phenomenology of BHs encompassed by a scalar field
cloud in the fully dynamical, i.e., non-linear regime of
gravity. Technically, this requires to numerically evolve
the coupled GR–Klein-Gordon system. One fundamental
ingredient for succesful numerical simulations is the con-
struction of appropriate, constraint-satisfying initial con-
figurations. We have found novel ways to prescribe initial
data describing BHs surrounded by scalar clouds, either
in analytic form or semi-analytically. These data pro-
vide solutions for both rotating or non-rotating BHs and
(almost) monochromatic, pseudo-bound state or generic
multi-frequency (Gaussian) field configurations.
These technical improvements find many interesting
applications beyond the case studied in this paper. In
particular, they are of utmost importance for investiga-
tions of extensions of GR which are typically motivated
by string theory compactifications in the low-energy limit
and involve a dilatonic or axion-like coupling. Proba-
bly the most straight-forward generalization of GR are
scalar–tensor theories for which our methods apply di-
rectly.
Our non-linear evolutions confirm the existence of
long-lived states around BHs which slowly extract rota-
tional energy from the BH. In previous, linearized stud-
ies this phenomenology has been used to impose strin-
gent bounds on dark matter candidates or on the pho-
ton mass if considered as hidden U(1) vector field [49].
The fully dynamical evolutions show that the interaction
of the scalar field with the central BH results in both
scalar and gravitational radiation. In particular, the ac-
cretion of the scalar field triggers quasi-normal ringdown
in both excitation channels. Following this first burst of
radiation we witness the formation of a long-lived scalar
cloud surrounding the BH which is illustrated in anima-
tions available at [131]. These (long-lived) scalar modes
induce gravitational radiation with approximately twice
the frequency.
We note, that the typical frequencies emitted both
in the scalar and gravitational wave channel are f ∼
O(10)kHz(M/M)−1) which would potentially be ob-
servable with advLIGO or eLISA if the central BH is,
respectively a solar-mass or intermediate to supermas-
sive BH.
Furthermore, the beating pattern that we find in the
scalar waveforms due to the presence of several overtone
modes [38, 58] stimulates a similar behaviour of mode
modulation and space dependend excitation in the grav-
itational channel. Additionally, in the case of a Kerr BH
we directly see frame-dragging effects due to the rotation.
Another exciting observation concerns the shift from an
initially almost pure dipole mode towards higher mul-
tipoles. This shift hints at an energy cascade towards
smaller scales which, in turn, leaves room for the excit-
ing possibility of (gravitational) turbulent effects, simi-
lar to those found recently in asymptotically AdS space-
times [136, 137, 139].
The present study is just a starting point to explore
the rich phenomenology of BH – scalar field configura-
tions and raise many interesting and important questions:
can BHs with scalar clouds be formed during a collapse
of these fundamental fields or are there other formation
mechanisms at play? How would the presence of a funda-
mental (massive) field change the dynamics of BH binary
systems? What will very long-term evolutions of these
scalar clouds around BHs yield, or in other words, can
we make predictions about the end-state and non-linear
stability of the system? Do different multipoles inter-
act non-linearly and eventually cascade to smaller scales,
eventually collapsing and producing smaller BHs?
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FIG. 9. Waveforms for the massive scalar-cloud around a
Kerr BH with a0/M = 0.95. The scalar shell has been set
up as pseudo-bound state (black solid curves) or Gaussian
wavepacket (red dashed curves). Fig. (a) presents the l =
m = 1 mode of the scalar field Φlm, rescaled by and presented
at various extraction radii rex. Fig. (b) shows the l = 2,m = 0
(top), l = m = 2 (middle) and l = 4,m = 0 (bottom) modes
of the gravitational waveform Ψ4,lm extracted at rex = 40M .
Other especially attractive models for future investi-
gations – because linearized computations have shown
that the superradiant instability can be tuned to be or-
ders of magnitude larger – include mass-varying scalars
and vectors, induced by coupling to matter, which arise
in either scalar-tensor theories or even in the standard
model [58, 61, 67, 68].
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Appendix A: Convergence analysis
Here we briefly discuss the numerical accuracy of our
simulations. For this purpose we have evolved the dipole,
massive scalar field system denoted as S11 m42 c in Ta-
ble II and the initial data with angular momentum,
model KGl m30 a in Table III at three different resolu-
tions hc = M/52, hm = M/56 and hh = M/60, hereafter
denoted as coarse, medium and high resolution runs.
The corresponding convergence plots for the scalar
and gravitational radiation are presented in Figs. 11 and
12 refering, respectively, to the Schwarzschild or Kerr
case. Specifically, we consider the differences between
the coarse and medium and medium and high resolu-
tions runs, where the latter difference is rescaled by the
appropriate convergence factor. We present these tests
exemplarily for the l = m = 1 mode of the scalar field
Φ in Figs. 11a and 12a and the l = m = 2 mode of the
gravitational waveform Ψ4, extracted at rex = 40M , in
Figs.11b and 12b. In both cases we find second order
convergence as indicated by the factor Q2 = 1.24. The
convergence order is not only determined by the fourth
order FD stencils but also by interpolations schemes em-
ployed, e.g. at refinement boundaries. In the present
simulations it appears to dominate the numerical accu-
racy and, because the interpolation in time is only second
order, results in an overall convergence of second order.
In the main body of this paper we have investigated
both the long-term behaviour of the scalar-field – gravity
system as well as the short-term behaviour which gave us
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FIG. 10. We present the change in AH area (top), BH mass (middle) and BH spin (bottom) as compared to their initial
values for various initial spin parameters (left) and scalar field amplitudes (right). For a0/M = 0.95 we observe a decrease in
both the BH mass and spin for any scalar field amplitude.
insight into the potentially superradiant regime. There-
fore, we estimate the numerical error for both regimes.
Specifically, the error at early times has been measured
at t ∼ 20M0. In this case we have focused solely on
the properties of the BH and estimate the numerical er-
ror in the AH area, BH mass and spin to be, respec-
tively, ∆AAH/AAH ≤ 0.091%, ∆MBH/MBH ≤ 0.0076%
and ∆a/a ≤ 0.055%.
Instead, the late time numerical error which is relevant
for the long-term simulations has been measured at t ∼
3000M0 in the Schwarzschild and t ∼ 500M0 in the Kerr
case. In both cases we find a numerical error of about
(8.5 · 10−3, 0.19, 0.16)% in the AH area, BH mass and
spin, respectively. The dominant scalar and gravitational
waveforms exhibit a numerical error of about 6% in the
Schwarzschild case and of about 2% in the Kerr case.
Additionally, we present the violation of the Hamilto-
nian constraint along the x-axis in Fig. 1a exemplarily
for run S00 m0 e in Table I plotted at different instances
during the evolution. We observe that initially the con-
straints are satisfied within less than 0.1% close to the
BH horizon and better than 10−7% towards the outer
boundary. It is important to note that the constraint vi-
olation remains small during the entire evolution; specif-
ically they are satisfied within less than 0.1% near the
BH and within less than 10−5% in the outer regions.
The spikes that can be seen in Fig. 1a correspond to the
location of the refinement boundaries.
Appendix B: Benchmarking tests for a spinning BH
In order to check the performance of our code and in
particular our construction of Kerr-like initial data as
presented in Sec. III D, we have evolved a single Kerr BH
without a scalar cloud. For this purpose we use a nu-
merical domain given by {(192, 96, 48, 24, 16, 8, 4, 2), h =
M/60} in the notation of Ref. [111]. We focus on the
most demanding cases that we have been able to evolve
with good accuracy, namely Kerr BHs with initial spin
parameters a0/M = 0.90 and a0/M = 0.95, where the
bare mass parameter M = 1.
Fig. 13a shows how much the BH spin changes in time,
as the system evolves freely. Until t ∼ 200M0 we find
a decrease of ∆a/a0 . 0.06% (for a0/M = 0.90) and
∆a/a0 . 0.9% (for a0/M = 0.95). The bottom panel
of Fig. 13b depicts the change in the BH mass which is
almost constant (within . 0.1%). These error estimates
are comparable with the results found by Liu et al [83]
(see their Fig. 1). We have furthermore verified that the
AH area is indeed increasing as it should and show the
time evolution of the relative AH area in the top panel
of Fig. 13b.
As we have seen, the construction of conformally Kerr-
like puncture initial data allows to evolve rotating BHs
with spin parameters much closer to extremality than
the widely used conformally flat approach which is re-
stricted by the Bowen-York limit of a/M ∼ 0.93 due to
the presence of spurious radiation. However, even the im-
proved, conformally Kerr-like numerical solutions contain
spurious gravitational waves as we illustrate in Fig. 13c.
Thus the numerical solution does not represent an iso-
lated Kerr BH, but rather a rotating BH spacetime which
also contains spurious (gravitational) radiation.
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FIG. 11. Convergence plots for a massive scalar field with
type II initial data and M0µS = 0.29 around a non-spinning
BH. We present the differences in the coarse–medium and
medium–high resolutions runs of the l = m = 1 mode of
the scalar field Φ in Fig. (a) and the l = m = 2 mode of
the gravitational waveform Ψ4 in Fig. (b), extracted at rex =
40M . The latter difference has been rescaled by Q2 = 1.24
indicating second order convergence. Both waveforms carry a
numerical error of < 6%.
Appendix C: Snapshots of scalar clouds
In order to illustrate the dynamical behaviour of a mas-
sive scalar field coupled to a BH spacetime we present
snapshots of its evolutions in Figs. 14 and 15 for the case
of a Schwarzschild and a Kerr BH with initial spin of
a0/M = 0.95. The complete animations can be found
at the website [131]. Specifically we show the evolution
of a dipole scalar field in the equatorial plane at differ-
ent time steps. The general development is quite similar
in both cases: The first plot depicts the system at early
times of the evolution when the scalar field starts to be
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FIG. 12. Convergence plots for runs KGl m30 a in Table III,
i.e., for a massive scalar field with M0µS = 0.30 around a Kerr
BH with spin parameter a0/M = 0.95. We present the dif-
ferences in the coarse–medium and medium–high resolutions
runs of the l = m = 1 mode of the scalar field Φ in Fig. (a)
and the l = m = 2 mode of the gravitational waveform Ψ4 in
Fig. (b), extracted at rex = 40M . The latter difference has
been rescaled by Q2 = 1.24 indicating second order conver-
gence. Both waveforms carry a numerical error of < 2%.
sucked into the BH. Its accretion onto the BH triggers
a burst of gravitational and scalar radiation. The latter
is shown in the second plot of the time series. Picture
(c) and (d) of Figs. 14 and 15 illustrate the transition
from the ringdown of the system towards the formation
of a scalar cloud. In the second row of Figs. 14 and 15
we observe a dimming and brighening up of the massive
scalar hair due to beating effects. In case of the Kerr
BH, Fig. 15, the flashing of the scalar field is accompa-
nied by a dragging of the scalar field along with the BH’s
rotation.
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FIG. 13. Time evolution of the characteristic parameters spin (top), AH area and BH mass (middle) of a BH with initial spin
a0/M = 0.90, 0.95. Because the setup does not provide a pure Kerr BH gravitational radiation is present in the spacetime as
illustrated by the multipoles of Ψ4,lm (bottom).
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FIG. 14. Snapshots of a massive scalar cloud with M0µS = 0.29 around a Schwarzschild BH with M0 = 0.6983. We present
a slice of the equatorial plane at different time steps. The infall of the scalar field triggers the excitation and ringdown of the
BH, which is followed by the formation of a flashing scalar could.
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